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ZATnua 1o

Al. Av n ouvaptnon f gival napaywyioiyn ¢’ €va onueio X Tou nediou opicuoU
NG, va ypagei n €€iowaon TNG EpanTouevnG TNG YPAPIKNG napaoctaonc TG f
oTo onueio A (Xo, f(Xo)).

(Movadec 4)

A2. Na anodei&ete 0TI, av yia guvapTnon f €ival napaywyiciyn o’ éva onueio Xo
Tou nediou opiopoU TNG, TOTE €ival KAl CUVEXNG OTO ONMEIO AUTO.
(Movadecg 8,5)

B1. Na xapakTnpiosTe TIC NPOTACEIG MOU akoAouBouv ypapovTag aTo TETPAdIo
oag TNV £voelEn ZwoTo n AdBog dinAa oTo ypdupa nou avTioTOIXEI O KAOE
npoTaon.

a) Av n f gival napaywyiciyn oTo Xo, TOTE N ' €ival NAVTOTE CUVEXNG OTO Xo.
B) Av n f dev €ival OUVEXNG OTO Xo, TOTE N f €ival napaywyiociyn oTo Xo.

y) Av n f €xel OeUTEPN NAPAYWYO OTO Xo, TOTE N ' €ival CUVEXNG OTO Xo.
(Movaodecg 4,5)

B2.

Na ypaweTe oTo TeETPAdIO 0ag To ypaupa TnG oTnANG A kai dinAa Tov apiBuo
TNG OTNANG B nou avTioToIXel TNV €EQAnTodevn TNG KAGBs cuvapTnong oTo
OnNUEIo Xo.

. . ZTAAN B
2TAAN A 2UvapTnoEIq EQanTOUEVEC
a. f(x) = 3x°, xo =1 1.y =-2x+n

B. f(xX) = nu2x, Xo = n/2| 2.y = (1/4)x + 1
Y- f(x) = 3|x], xo =0 3.y=9%x-6
5.f0)=Vx ,xo=4 | 4.y=-9x+5
5. 0gv unapxel

(Movadec 8)
Andavrnon:
Al.y - f(xo) = ' (X0) (X = Xo)

A2. ApoU n cuvaptnon f gival napaywyioiyn oTo CnUEio Xo,0a 1oXVE:

o 00 -f(x,)

X—>Xq X -X,

=f(x,)
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TOTE yIa X # Xo 60 EXOUUE:

£ - £(x ) = 0D 00) ()
X -X,
onoTe:
lim [f(x) - f(x,)] = lim {M.(x-xo)} =
- fim S0 (x-x,)=f(x,)-0=0
X—X( X_XO X=X,
Apa:

lim [f(x) - f(x,)] = 0 & lim f{x) = f(x,)
dnAadn n f gival cuvexng oTo Xo.

Bl.
a) H npotaon sivai AavOaopEvn, apou n cuvaptnon:

? 1 #0 2 gt =0
f(x) = X" - ouv = X byl £/(x= XGXGX ny = X
O, XZO O, X:O

evw Oev gival guvexng aTo 0.

B) MNvwpiCouue OTI, av n f €ival napaywyiociyn o€ onUEio Xy, 6a gival cuvexng os
auTo, apa, av n f dev €ival GUVEXNG OTO X,, OEV Eival NApaAywyiciyn oTo X, Kal
n npoTaon €ival Aa6og.

y) Engidn undapxel n deUTeEpn napaywyog TnG f aTo Xo, UNAPXEl Kal n
napaywyog TnG f' aTo Xo, apa n f' gival cUveXNG OTO Xo KAl N NpoTacn &ival
owoTn.

Enopévwg exoupe: a-A, B-A, y - Z.

B.2.
a) f'(x) =9x2 apaf' (1) =9 kai f(1) = 3.
Enopevwg e€iowon Tng epanTopEvnG €ival n:
y-3=9(x-1)=y=9x-6.

B) f'(x) = 20uv2x, apa f'(n/2) = 2ouvn = -2 kai f(n/2) = 0.
Enopevwg n €icwon TNG epanTouevng €ivai n:

y-0=-2(x-(n/2)) @y =-2x + n.

y) H ouvaptnon f(x) = 3|x| dev €ival napaywyioiyn oto X, = 0, apa dev
UNApxel EPanTouevn.
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§) f'(x)=

1
dpo f'(4)=1/4 «xa f(4)=2
2Vx

Enopevwg e€iowon epanTougvng givai n:
2= l(X Hhoy= lX +1
Y 4 Y7y

SUVENWG EXOUUE:
a3
Beo1
Yy<5
0o 2.

ZATNua 2o

AiveTal n cuvaprtnon:

2z +1
f(z) =
@ z-2

ME Z # —2i, 6nou Z 0 ouluyng Tou Z.

zeC

a) Na BpeiTe TNV TPIYWVOUETPIKN HOPPH TWV HIYadIKwV apiBumv:

W; = f(9 - 5i)
(Movadeg 6)
W, = {gf@ - 5i)}

(Movadeg 6)

B) OswpoupEe ToV Nivaka:
M= QPWJ 0 }

30 —|W

onou |W;| To gETpo Tou piyadikoU apiBuol W, Tou EpwTnuaTog a.

Na ypaweTe oTo TETPADIO 0AC TO YPAUKA NOU avTIOTOIXEI 0T CWOTH anavTnon.
O YpaupIKOG YETAOXNUATIONOG T Ye nivaka M eivai:

. OTPOPN UE KEVTPO TNV apxn Twv a&ovwv O kal ywvia 8 = n/4
. OUPPETpIa w¢ npog Tov agova xx'
. OUPUETpIa w¢ npog Tov agova yy'
. OUMHETPIa w¢ Npog TNV €UBeia y = X
. OJOoIOBECIa PE KEVTPO TNV apxn Twv asovwyv O kai Adyo:
3
2

m> 1w >

(Movadeg 5)
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Y) Av M o nivakag Tou epwTRuaTtog B, TOTe va Bpebei o nivakag X, woTe va
IOYUEL:

MX = K

onou K €ival o nivakag nou avTIOTOIXEI OTO YPAUMIKO HETACXNKATIONO OTPOPNG
ME KEVTPO TNV apxn Twv agovwv O kal ywvia 8 = n/2.
(Movadec 8)

Anavrnon:

a) Eivar:

W, = (9 -5i) = 2(9-51) +1 _ 18—-101+1 18-91 _

9+5i-2i 9+3i  9+3i

C6-3i  (6-3)(3-i) 18-6i-9-3 15-15i 3 3.

3+1 B+1(3-1) 9+1 10
2 2
p= 3 +—z :‘/2+2=1/2-2=z\5
2 2 4 4 4 2
3
oot 2 _ 1L _32
34 V22
2
-3
p 35 V2 2
2
Eneidn civai:
oo =2 ko _ 2
0] 5 nue 5

NPoKUNTEl OTI @ = 7n/4.

Apa:
3 T . 7
W, =242 cmv—nﬂm,t—TE
2 4 4
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Eniong:

{5 ]

2004w\ . 2004n
= oLV - 2 +mu| - 2 =

ouv(-501n) + inu(-501n) =

ouv(-2 ¢ 2500 - n) + inu(-2 « 250N - n) =
= guv(-n) + inu(-n) < W, = oguvn + inun.
B) 'EXOUpE OTI:
3
|Wl| :5\5 Ko |W2| =1,
apa:

SO

=— <
300 W[l 3| o 34
2

Ano Tn Bewpia yvwpiloupe 0TI 0 nivakag M eival nivakag Tou ypauuikou
METAOXNUATIOYOU: «QUMMETPIa wG Npog Tov agova xx ' ”, apa owaTo €ival 1o B.

GV~ nun
P Lo 0 -1
v K=| 2 2 {1 o}
nu— ouvv
'OpwG:
NERRE
1o -1
onoTe:
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ZATnua 3o
H ocuvapTtnon f sival napaywyioiun oto kKA£ioTo diactnua [0, 1] kai 1oxUel
f(x) > 0 yia kabe x € (0, 1).
Av f(0) = 2 ka1 f(1) = 4, va dci&eTe OTI:
a. H guBeia y = 3 Tegvel Tn ypagikn napaocraon TnG f o’ €va akpiBwe onueio e
TETUNMEVN Xo € (0, 1).
(Movadeg 7)

B. Ynapxel x; € (0, 1), TETOIO WOTE:

oo S

4

(Movadec 12)
y. Ynapxel x; € (0, 1), @woTe n €panToyevn TNG YPAPIknG napdoraong Tng f oTto
onueio M(x,, f(x,)) va gival napaAAnAn otnv €uBeia y = 2x + 2000.
(Movadeg 6)
Anavrnon:
a) Ensidn n ouvaptnon f eival napaywyioiun oto [0, 1], apa 8a sival kai
ouvexng aro [0, 1]. Eniong, ensidn eivail f' (x) > 0 yia kabe x € (0, 1), Ba sival
n f yvnoiwg at&ouoa oto (0, 1), apa To ouvoAo TIHwV TNG Ba gival To
[f(0), f(1)] = [2, 4]
'Opwe, 3 € [2, 4] kai, agpou , TOTe n f TEuveTal ano Tnv gubeia y = 3 o€
€va akpIBwG onUEio YE TETUNMEVN Xo € (0, 1).
B) H f eival yvnoiwg au€ouoa oto [0,1], apa:
f(0) < f(1/5) < f(1)
f(0) < f(2/5) < f(1)
f(0) < f(3/5) < f(1)
f(0) < f(4/5) < f(1)

MpooBETOVTAG KATA UEAN EXOUUE:

1 2 3 4
41(0) < f&} + f(gJ H{EJ + f(gJ <4f(1) &
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'‘Ouwe,n f ival ouvexng oto [0, 1], onoTe unapxel x; € (0, 1), TETOIO WOTE:
(5 (S s)
fix,) <

4

y) Engidn n cuvaptnon f sival ocuvexng oto [0, 1] kal napaywyioiun oto (0, 1),
npokUNTEl and To Bswpnua PECNG TIMAG ToU dlagopikoU AoyiopoU OTI undpxel
€va TouAaxioTov x; € (0, 1) TEToIO WOTE:

f(1) —(0)

Fx,) ==

o f(x,)=2

Enopevwe n epantopevn TG Cr oto M gival napdAAnAn otnv €uBeia
€:y = 2x + 2000, apou A = f' (x) = 2.

ZATnua 40

Tn xpovikn oTiyun t = 0 xopnyeital ¢’ evav acBevn £va gpapuako. H
OUYKEVTPWGN ToU (papudkou OTo aipa Tou acBevoug diveTal anod T
ouvapTnon:

fy=—2 >0

1+(tj
p

onou a kai B ival oTabepoi BeTIKOI NpayuaTikoi apiBuoi kai o xpovog t
METPATAI OE WPEG. H PEYIOTN TIYA TNG CUYKEVTPWONG €ival ion Ye 15 povadeg
Kal EMNITUYXAVETAl 6 WPEG YETA TN XOPrnynon Tou ¢papudakou.
a. Na BpeiTe TIG TIUEC TwV OTABEPWY a Kal B.

(Movadec 15)

B. Mg dedopgvo OTI n Opdacn Tou PApPUAKOU €ival ANOTEAECUATIKA OTAV N TIWN
TNG CUYKEVTPWONG €ival TOUAAXIOTOV ion PE 12 povadeg, va BPEITE TO XPOVIKO
O1a0oTNUa nou To PApuUako Opa AnoTEAECUATIKA.

(Movadec 10)
Andavrnon:

H f ival napaywyioiyn oto [0, +w) WG NNAIKO NApaywyiciywv cuvapTnoEwy,

e 4]
ROINNCE)

f(t) =
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a) Agpou os t = 6 wpec emiITuyxaveral n peyiorn Tiun f(t) = 15 povadeg, 6a

EXOUUE:
60
=15 540
36 = b
f6) =15 1436 6a=15+—
= B = =
£(6)=0 ) 36
6 - =-1
Otl-—z =0 Bz

60 =15+30 {601:30 {azS
=N 36 < =N

A@oU B > 0, n Tiyn B = -6 anoppinTeTal, apa B = 6.

Enopévwg:
5t 180t
f(t) = = ,
© t> 36+t
1+
36

B) ApoU To PapUAKO £XEl ANOTEAECUATIKA dpacon OTav n TIPA TNG
OUYKEVTPWONG €ival TOuAaxioTov ion Pe 12 povadeg, WAXVOULE TIC TIMEG ToU t,
€Tol wore: f(t) > 12, yet > 0. ToTe:

ISOtZ >12 < 180t > 432+ 12t* <
36+t

o 122 - 180t + 432 <0 t? =-15t+36<0 <o 3<t<12

‘Apa To (pAapuako dpa anoTEAECUATIKA ano 3 wpec £wg 12 wpeG.
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