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B1. 'Eyovpe and vmobeon Ot

|z=3i|+|z+3i|=2 (1)

Opog [Z+3i]=|Z+3i| =[2-3i] (2)

Ondte amo i (1) ko (2) mpoky :
|2 =31 +|z-3i|=2 & 2|z-3i| = 2& |z-3i| =1 (3).
Av z=x+yi n(3) yphoetat: |x+ y—3)i|=l<:>x2+(y—3)2=l

Emopévoc o ysmusrpm TOV EIKOVOV TOV Z eivat KOKAOG [e KEVTIPO TO onpeio
K(0,3) ko aktiva p = l@
B2. Amo to epopa M@: |z —3i| =1
Onote |z - '2\2—31')-@:1 o (z—3i)-(2+3i)=1 & z+3i= Z_l3l_ .
B3. Xbupow nyof)usvn 16oTNTO 0 W YPAPETAL
=z-3i+z+3i=z+z=2Re(z)eR.

W=z= :
@ z—3i
y y ’ ’ y ’ 2
Oumc-amd Tov Ye®UETPIKO TOTO TV SIKOVOV TV Z Exovpe 0Tl X <1< -1 <x < 1.

W
< e0n x = Re(z) mpoxdmtel 6ti: —1 <Re(z) 1.

pte: —2<2Re(z)<2.Apa -2<w<2.

1
z—3i

3i-

z—z+3i—

e =[3i-z =3i|= -z |=|4|.

Eivou: |z - w| =
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H docuévn oyxéon ypdostar:

() f'(x)+e’ ['(x)= (") =(x f'(x)) &

(e" fl(x)—e)=(xf'(x)) <" f'(x)—e" =x-f'(x)+¢, ¢, e R ?
I'a x = 0 TpoxvmTEL:

e’ £1(0)—e"=0- f(0)+¢, Ko Aoy TV Sedopévav apytkdv cover val
C=— 1. @

H televtaio oyéon étot yphoetat:

¢ L) =x- ) -1 e e ~x)=e —15:): e
g —X

S f(x)= [ln(e" - x)]! < f(x)=In(e’ —x)+c,.

['a x = 0 wpoxdmrer ¢, =0. O\
‘Etor f(x)=In(e" —x).

(*) Av Bécovpe h(x)=e" —x, xR, &t
W(x)=e"-1,xeR.

e’ 1+

Hx)=0se' =loe = < .

1
Hx)>0 e >loe >’ x>

Hx)<0se' <loelxe &/x<0.

I9

& ehdyioto ot Béon x=0 v Tun A(0)=e’ —0=1.

1>0, yiokabe x € R.

E )=[In(e" x| =: :i .

Yy ™G Tapatnpnong (*) tov epompatog 'l ot pileg kot o TPOONO, GUVERDGS O

oG petaforav g f eaptdror pévov amod tig piles kot o TPOCTO TOV
pOunTov. A'(x)=e"—1.

Yvvenog f(x)=0=x=0.



f(x)>0=x>0.
f'(x)<0<=x<0.

Apa n f eivar: yvnoiog ebivovoa oto (—»,0], yvnoing avéovca oto [0,+ oo)

Ko TaPovG1alel olko eldyioto ot Béon x = 0 v Tip £ (0)=In(e’ —0)

I'3. Eivou f”(x)z{:::ij :(ex_l) (ex _(xx)—(e)z—l e’ —x @@
e’ —x

(ex —x)2 (ex —x)2
=ezx—xex—(eZ)‘—Zex—i-l)=(2—x)ex—l @
(¢ =) () Q@

Oftovpe p(x)=(2—x)e" -1, xeR.

Etvau:
Px)=—€+2-x)-e"=¢" (1%
0Px)=0= x=1
0 x)>0<= x<I1 Q
0xX)<0< x>1

LExer oo péyioto p(1)=e—1> 0.
of ToL OPLOL TNG @ GTOL —0, +00:
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[Ipoxbdmter O
oTO [1
BplGKO

lim ¢ im[(2-x)-e" —1]=-

2—x -+ 2-x) -1 -1
‘ (2 x)-e' = lim —— lim( x) = lim —=lim — =0
@ X—>—0 e X—>—0 (e ) x—>-0 —@ x—>—0 @

@ ‘Etot lim p(x)=-1.




Adym g GVVEYELNG KOt TNG LovoToviaG TG ¢ sivan

o((==.1]) = lim p(x).0(1) | = (~L.e-1]. @
o([1.+2))=(lim ¢ (x). p(1) | = (=0, 1] §
[Tapatnpodpue OTL: @
. 0 e@((—o0.1]) Gpa vadpyet x, € (—»,1] dote @(x;)=0.
Ev 1o peta&o n ¢ etvar yvnoiog avovoa, dpo eKots @xl aAhalet
apdonuo. Aot pe X <X etvanr o(x) < o(x1) & ,a
Evo pe 1>x>x; givan 0(x) > 0(x1) < o(
"Etot 16080vapa (enedn (e —x)* >0 yio kd @ n /" éxe pio udvo

pila o6to (—o0,1], ekatépmBev g omoiod

. Opota tdpa 0e¢([1,+oo])dp(x VTTd , €[1,+0), dote ¢(x,)=0.Evto
ueta&y N @ gtvat yvnolog edivo Gpa exatépmbev Tov x, aAldlel Tpdonpo.

< 0(x)>0

Evd pe x> x5 etvar @(x) <@ < 0o(x) <0.

‘Etovn f" éxelemiong pigpovo piCa x, oto [1,+0), exatépwbev tng onolag
aAraler mpdonpo. Apa tehid, 1 f Exel akpfdg dVo onpeio KAUTNG OTIg

0¢oeig x,, X, .
I'4. Oftovpe g(x)=In(e ouvx = f(x)—cvvx, xeR.
. Yropén : tval cuveyng oc dtpopd cuveydv oto R, dpa Kot 6to {0,%} .

Ei

(0)—GDV(0)=—1<0
T Vs Vs
_f(EJ—GUVE—f(Ej_
COQ 1 o10 [0,+0), dpa sivar %>0:f(%]>f(0):f(%j>0-

‘Etor g(0)- g (%J <0, omdte AOYy® tov O. Bolzano n g éxet pia piCa oto

drboTno. (O, %) .



o Movaduotnta:

Oa dei&ovpe 6T M g givar yvnoiog adEovsa 610 {0,%} , omdte M pil v

LLOVOLOTKT). ?
‘Eoto x,,x, E‘:O,%} ue x, <x, tote

f(x) < f(x,) oot f T 610 [0, + ) @

GUV X, > GUVX, S10TL GUV X ¥ 610 [O,%} ; \

Apa —oVV X, <—CLVX,.
‘Etor 6pmg f(x,)—ovvx, < f(x,)—ovvx,,apd <g(x,).

Apa g yvnoimg adéovsa 6to {0,%} .

Hapatipnon (2°° TpOTOC YL0 TN HOVOTOVIO):

H povotovia g g oo [0, n/2] pmope POKVWEL Kl ¢ EENG:
g'(x) =f'(x) + nux. Opog f'(x)>0 @

m/2), eved emiong nux > 0 yio k@be X &

ka0e'x € (0, +o0) dpa kot v kKabe x € (0,
/2).
Apa g'(x) >0 yo ke x € (0, emopévog g yvnoiong avovoa oto [0, m/2].

OEMA A

Al.  "Eyxovpe ot
1/ [ et
2x

g g(aﬁ%

Oftovpe: t=u-—x. Ondte: dt=du.

0 &povpe u=x ko yww t=—x €&oovpe u=_0.

2u-2 0 2 0 2
u-2x u e

Oe ox € _ -2x
o5 =.)|: @ duz.[e %du—e jg(u)du<:>

X X

@ I-f(x)= —e“e‘“!% dus1-f(x)= —! ge(u) du




Apa f(x) :1+ji;(2;) du (1)

Me avarloyo TPOTO TPOKVITEL OTL:
X eZu
g(x)=1+ du (2)
o i

) ) eZu eZu ) )
Emedn ot cvvaprtiosig Kol glval ovveyet x] pe x € R
g(u) S (u)
X ezu X
GUUTEPAIVOVLE OTL Ol GUVAPTIGELS J ) du «o I tvor mapaywyicyueg
u

0 ?
o10 R, emopévmg kot ot cuvaptoelg f kot g ivor mo o@ o ueg oto R.

[ ="— xa g'(x)=

g(x) f(x) < \Q
omote fI(x)g(x)=e™ xa g'(x)f(x)y=e
apa Q
2(x)>0
P 8= (9 () o@ ) =0

o/ (¥)e(x ) f(x) _ fx)
g (x) g(x)
Amo v tedevtaio ‘Cl: S(x) =
g(x)

A2.

(Epomnua Al)

Q@) = =21 (1) =2 & () =(¢)
Dpova. e yYvootd Bsdpnua (cuvéreia tov ©.M.T.) éxovpe:
(x)=e’ +c

Opwg f(0)=1, ondte ¢=0.

Apo )= &[] =[] /@)=



A3.
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Kot emedn f(x) >0, mpoxdmrel 6TL f(x)=e€".

Eivan %
I 4o
x 1 I
limw =lim hl_le: limil =lim [x-e sz limeT = (De L' Hosp
x—0" x—>0" — x—=>0" — x—>0" x—>0"
f(j ex ex x
x x

(1
e - ? -1
lim———%=—lime* =—w.
x—>0" 1 x—>0"
) 3
. 1 . . .
(*): O@étovpe — =y omdéte t0 lim = lim —:
X x>0~ l yomo oy @
X

Eivar F'(x)=f(x*)>0.Apon F T 610 [0,1]

Apa yio 0<x <1 Oa eivor F(x)<F(1) ko en

Vxel0,1].

Enopévog Vxe[0,1], Oa elvar:
1

=0, mwpoxvmrel 6t F(x)<0

E=—[F(x)dx == [ x'F(x)dx == [xF ()], +[5F (x)dx =

0 0

=—F(1)+ jx[j f(tz)j dx = ix
ijexzd

1
2
ijex dx =

0

N |~




